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ABSTRACT
This research tests the accuracy of the Leslie matrix, which is a discrete 
age-structured method that uses fertility and survival rates, as a tool for pre-
dicting women population. Based on available data for the year 2000, we 
have constructed a Leslie matrix that predicts female population in the United 
States for every five years from the years 2000 to 2020. To test the accuracy 
of this method, we compare the aforementioned obtained projected data for 
the year 2010 with the actual data for women population in the United States 
obtained by the 2010 U.S. Census.
Key words: Leslie matrices, population.
INTRODUCTION
In “Essay on the Principle of Population,” Thomas Malthus was the 
first one to offer a scientific explanation and variables influencing long-term 
population projections (1). Such pioneering work prompted passing of Census 
Act 1800, the first national census in Britain that has been collected every 
decade since. In any projection, dimensions of population are the first to be 
considered. The first complex dimension accounts for age and sex of the 
species observed. In demography, a key dimension of population dynamics 
is the distinction between men and women. To clarify, the population growth 
almost completely correlates to the fertility rates of females. Thus, just by 
observing female population and the growth within this subgroup, it is pos-
sible to predict population growth.
METHODS AND DATA
In 1945, P. H. Leslie constructed a matrix as a means to project popula-
tion of different species. The Leslie matrix requires three different categories 
of data divided into equal age groups: survival rates for each age group of 
females s
i
, fertility rates for each age group of female population F
i
, and the 
initial female population for each age group p
i
. The matrix is of dimension 
n×n, where n is number of age groups. Data is distributed and calculated as 
follows: fertility data occupies the first row of the matrix while survival rates 
occupy the first sub-diagonal. To project population data, the t-th power of 
the Leslie matrix is multiplied by the initial population vector x
0
, where t is 
the number of years between the initial and final year, i.e., 
1
Nelson et al.: Leslie Matrices and Women Population in the United States
Published by Digital Commons @ the Georgia Academy of Science, 2013
 159
x
t
=Ltx
0
,
where L is the matrix
ݔ௧ ൌ ܮ௧ݔ଴ǡZKHUHܮ LVWKHPDWUL[ ܮ ൌ ۉۈۈۇܨ଴ ܨଵ ܨଶ ǥ ܨ௡ିଶ ܨ௡ିଵݏ଴ Ͳ Ͳ ǥ Ͳ ͲͲ ݏଵ Ͳ ǥ Ͳ ͲͲ Ͳ ݏଶ ǥ Ͳ Ͳڭ ڭ ڭ ڰ ڭ ڭͲ Ͳ Ͳ Ͳ ݏ௡ିଶ Ͳ یۋۋۊ)RU DOOͳ ൑ ݅ ൑ ݊ OHW݈௜ ൌ ݏ଴ݏଵڮݏ௜ିଵDQG ݉௜ ൌ ி೔షభ௦೔షభ  LH݈௜ LV WKH IUDFWLRQ RI IHPDOHVVXUYLYLQJ IURPELUWK WR DJH ݅ DQG݉ ௜LV WKH QXPEHU RI IHPDOHV ERUQ RQ DYHUDJH WR DIHPDOHRIDJH݅ ,Iߣ LVDFRPSOH[HLJHQYDOXHRIWKHPDWUL[ܮWKHQߣ VDWLVILHVWKHGLVFUHWH(XOHU/RWNDHTXDWLRQ ͳ ൌ෍ߣି௜݈௜௡௜ୀଵ ݉௜Ǥ)RUIXUWKHULQIRUPDWLRQVHH DQG:HXVHG&HQVXVEDVHGGDWD IRU\HDU WKH  VHH  DQGDSSOLHG WKH/HVOLHPDWUL[PRGHO WR SURMHFW SRSXODW LRQ IRU WKH QH[W WZR FRQVHFXWLYH \HDU LQWHUYDOV E\ XVLQJIHUWLOLW\DQGVXUYLYDOUDWHVIURP7RFRPSDUHWKHHIIHFWLYHQHVVRIWKH/HVOLHPDWUL[ ZH DOVR XVHG VLPXODWHG GDWD SURYLGHG LQ  ZKLFK XVHV SUHYLRXV SURMHFWLRQV DQGPRGLILHGGDWDWRSUHGLFWSRSXODWLRQ0RUHRYHUZHDOVRDQDO\]HWKHVSHFWUXPLHWKHVHWRIHLJHQYDOXHVRIHDFKRIWKH/HVOLHPDWULFHVREWDLQHGE\XVLQJERWKVHWVRIGDWDZLWKWKHJRDOWRFRPSDUHRXUUHVXOWVZLWKWKHFRQFOXVLRQVRIWKH3HUURQ)UREHQLXV7KHRUHPVHHHJZKLFKFODLPVWKDWDQ\ PDWUL[ZLWKQRQQHJDWLYHUHDOHQWULHVKDVDXQLTXHODUJHVW UHDO HLJHQYDOXH7KH/HVOLHPDWULFHV WKHLU HLJHQYDOXHVDQGWKHSUHGLFWLRQV IRUHDFKVHWRIGDWDZHUHREWDLQHGE\XVLQJWKHVRIWZDUH0$7+(0$7,&$5HVX OWV3URMHFWLRQVIRUWKH\HDUREWDLQHGE\XVLQJWKH/HVOLHPDWUL[FRQVWUXFWHGIURPIHUWLOLW\DQGVXUYLYDOUDWHVLQ7DEOH,YHUVXVWKHGDWDSURYLGHGIRUIHPDOHSRSXODWLRQLQ LVVKRZQLQ)LJXUH,7REHWWHUFRPSDUHDFWXDOYHUVXVSURMHFWHGYDOXHV)LJXUH VKRZV KRZXQUHOLDEOH WKHGDWD LVE\SUHVHQWLQJ WKH SHUFHQW HUURU SHU DJH JURXS ,QFRPSDULVRQVLPXODWHGGDWDSXEOLVKHGLQJLYHVEHWWHUUHVXOWVDVVKRZQLQ7DEOH,,7KLVGDWDKDVEHHQPRGLILHGWRILWWKHDQWLFLSDWHGSURMHFWLRQVDQGWKXVUHVXOWLQEHWWHUDFFXUDF\ ,Q )LJXUHV  DQG  WKH FRPSOH[ HLJHQYDOXHV RI WKH /HVOLH 0DWULFHVFRUUHVSRQGLQJ WR HDFK VHW RI GDWD DUH VKRZQ:H FDQ VHH WKDW WKH /HVOLH PDWULFHVFRUUHVSRQGLQJWRWKHGDWDLQ7DEOH,DQG7DEOH,,UHVSHFWLYHO\KDYHDUHDOHLJHQYDOXHWKDW LV ODUJHU WKDQ WKH RWKHUVZKLFKVDWLVILHV WKH FRQFOXVLRQRI WKH3HUURQ)UREHQLXV7KHRUHP +RZHYHU WKH PDJQLWXGHV RI WKH HLJHQYDOXHV FRUUHVSRQGLQJ WR WKH /HVOLHPDWUL[ REWDLQHG IURP 7DEOH ,, DUH YHU\ VLPLODU DV VKRZQ LQ)LJXUH  ZKHUHDV WKHHLJHQYDOXHVRIWKH/HVOLHPDWUL[REWDLQHGIURP7DEOH,DUHVLJQLILFDWLYHO\GLIIHUHQWDV
For all 1≤i≤n, let l
i
=s
0
s
1
…s
i-1
 and m
i
=F
i-1 
/s
i-1
, i.e., l
i
 is the fraction of females 
surviving from birth to age i and m
i
 is the number of females born, on aver-
age, to a female of age i. If λ is a complex eigenvalue of the matrix L, then 
λ satisfies the discrete Euler-Lotka equation
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For further information, see (2), (3) and (4).
We used Census-based data for the year 2000 (see (5)) and applied 
the Leslie matrix model to project population for the next two consecutive 
5-year intervals by using fertility and survival rates from (6). To compare the 
effectiveness of the Leslie matrix, we also used simulated data provided in 
(7), which uses previous projections and modified data to predict population. 
Moreover, we also analyze the spectrum (i.e., the set of eigenvalues) of each 
of the Leslie matrices obtained by using both sets of data, with the goal to 
compare our results with the conclusions of the Perron-Frobenius Theorem 
(see e.g. (3)), which claims that any matrix with nonnegative real entries has 
a unique largest real eigenvalue. The Leslie matrices, their eigenvalues and 
the predictions for each set of data were obtained by using the software 
MATHEMATICA 8.
RESULTS
Projections for the year 2010 obtained by using the Leslie matrix con-
structed from fertility and survival rates in Table I versus the data provided for 
female population in (5) is shown in Figure 1. To better compare actual versus 
projected values, Figure 2 shows how unreliable the data is by presenting 
the percent error per age group. In comparison, simulated data published in 
(7) gives better results, as shown in Table II. This data has been modified to 
fit the anticipated projections and thus result in better accuracy. In Figures 3 
and 4, the complex eigenvalues of the Leslie Matrices corresponding to each 
set of data are shown. We can see that the Leslie matrices corresponding to 
the data in Table I and Table II, respectively, have a real eigenvalue that is 
larger than the others, which satisfies the conclusion of the Perron-Frobenius 
Theorem. However, the magnitudes of the eigenvalues corresponding to 
2
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the Leslie matrix obtained from Table II are very similar as shown in Figure 
4, whereas the eigenvalues of the Leslie matrix obtained from Table I are 
significatively different as shown in Figure 3.
DISCUSSION
Based on our results, we believe Leslie matrix projections are not reliable 
for the age groups 0-10 and age groups over 85 years old, but are reliable 
for the rest of the age groups. This claim is supported by our percent error 
calculations, which show maximum error in projection to be 8%, whereas at 
extremes it exceeds well above 50%. Furthermore, by the behavior of eigen-
values, we can see that available data is not enough to accurately predict the 
population. In these age categories, we believe this is caused by inaccurate 
data in fertility rates in the 0-10 and over 60 age groups. While the rates 
may be very small, they are far from insignificant and result in such extreme 
deviations of projections from accurate data. Simulated data used in (7), give 
more accurate projections, which leads to conclusion that not all data is true 
and/or available for age groups under 10 years old. When data for these 
age groups is manipulated, the results are closer to the true value, which is 
confirmed the data in Table II. Moreover, we have concluded that in order to 
give better predictions using manipulated data, the available information has 
to be manipulated in such a way that the corresponding Leslie matrix has 
complex eigenvalues whose magnitudes are very close to the magnitude of 
the unique largest real eigenvalue.
3
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Figure 1. Comparison between actual vs. projected values.
Figure 2. Projection error between actual vs. projected values.
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Figure 3. Eigenvalues of the Leslie matrix corresponding to the fertility and 
survival rates from Table I.
Figure 4. Eigenvalues of the Leslie matrix corresponding to the fertility and 
survival rates from Table II.
8
Georgia Journal of Science, Vol. 71 [2013], Art. 6
https://digitalcommons.gaacademy.org/gjs/vol71/iss2/6
166
REFERENCES
 1. Lutz W and Samir K: Dimensions of global population projections: 
What do we know about future population trends and structures? 
Philos. Trans. R. Soc. Lond. B Biol. Sci., 365(1554): 2779–2791, 
2010. URL: http://www.cdc.gov/nchs/data/nvsr/nvsr54/
nvsr54_14.pdf [cited August 21, 2012].
 2. Caswell H: “Matrix Population Models: Construction, Analysis, and 
Interpretation.” Sinauer Associates, 2nd edition, 2001.
 3. Kot M: “Elements of Mathematical Ecology.” Cambridge University 
Press, p377, p386, 2001.
 4. Leon S J: “Linear Algebra with Applications.” Prentice Hall, 8th 
edition, 2010.
 5. Interim State Population Projections, 2005. Technical report, U.S. 
Census Bureau, Population Division, January 2012. URL: http://
www.census.gov/population/www/projections/files/Summary-
TabC3.pdf [cited August 21, 2012].
 6. Sandy S F and Bindra K: Vital statistics of California, Table 1-5 
2003. URL: http://s3.amazonaws.com/zanran_storage/www.cdph.
ca.gov/ ContentPages/34385493.pdf#page=20 [cited August 21, 
2012].
 7. Child Trends Data Bank: Birth and fertility birth and fertility rates. 
Technical report, March 2012. URL: http://www.childtrendsdata-
bank.org/sites/default/files/79_Birth_Rate.pdf [cited August 21, 
2012].
9
Nelson et al.: Leslie Matrices and Women Population in the United States
Published by Digital Commons @ the Georgia Academy of Science, 2013
